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Abstract 

We describe a general approach to the construction of a state evolu- 
tion corresponding to the Markov generator of a spatial birth-and-death 
dynamics in R d . We present conditions on the birth-and-death intensi- 
ties which are sufficient for the existence of an evolution as a strongly 
continuous semigroup in a proper Banach space of correlation functions 
satisfying the Ruelle bound. The convergence of a Vlasov-type scaling for 
the corresponding stochastic dynamics is considered. 
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1 Introduction 

Spatial Markov processes in K d may be described as stochastic evolutions of 
locally finite subsets (configurations) 7 C M rf , i.e., any 7 has a finite number 
of points in an arbitrary ball in M. d . One of the most important classes of 
such stochastic dynamics is given by the birth-and-death Markov processes in 
the space P of all configurations from R d . These are processes in which an 
infinite number of individuals exist at each instant, and the rates at which new 
individuals appear and some old ones disappear depend on the instantaneous 
configuration of existing individuals |19) . The corresponding Markov generators 
have a natural heuristic representation in terms of birth and death intensities. 
The birth intensity b(x, 7) > characterizes the appearance of a new point at 
x £ M d in the presence of a given configuration 7 6 T. The death intensity 
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d(x,j) > characterizes the probability of the event that the point x of the 
configuration 7 disappears, depending on the location of the remaining points of 
the confuguration, 7 \ x. Here and below, for simplicity of notation, we write x 
instead of {x}. Hcuristically, the corresponding Markov generator is described 
by the following expression 

(LF)(7) := E d ^ 7 \ *) [Hi \ x) ~ Hi)] 

+ / b{x, 7) [F( 7 U x) - F( 7 )] dx, (1.1) 

for proper functions F : T — > M.. 

The study of spatial birth-and-death processes was initiated by C. Preston 
[3"T] . This paper dealt with a solution of the backward Kolmogorov equation 

M Ft = LFt (L2) 

under the restriction that only a finite number of individuals are alive at each 
moment of time. Under certain conditions, corresponding processes exist and 
are temporally ergodic, that is, there exists a unique stationary distribution. 
Note that a more general setting for birth-and-death processes only requires 
that the number of points in any compact set remains finite at all times. A 
further progress in the study of these processes was achieved by R. Holley and 
D. Stroock in [19] . They described in detail an analytic framework for birth- 
and-death dynamics. In particular, they analyzed the case of a birth-and-death 
process in a bounded region. 

Stochastic equations for spatial birth-and-death processes were formulated 
in [17] , through a spatial version of the time-change approach. Further, in [18] , 
these processes were represented as solutions to a system of stochastic equations, 
and conditions for the existence and uniqueness of solutions to these equations, 
as well as for the corresponding martingale problems, were given. Unfortunately, 
quite restrictive assumptions on the birth and death rates in [TB] do not allow 
an application of these results to several particular models that are interesting 
for applications (see e.g. Examples 1-3 below). 

A growing interest to the study of spatial birth-and-death processes, which 
we have recently observed, is stimulated by (among others) an important role 
which these processes play in several applications. For example, in spatial plant 
ecology, a general approach to the so-called individual based models was de- 
veloped in a series of works, see e.g. [3] [4] [6] [30] and the references therein. 
These models are described as birth-and-death Markov processes in the con- 
figuration space r with specific rates b and d which reflect biological notions 
such as competition, establishment, fecundity etc. Other examples of birth- 
and-death processes may be found in mathematical physics. In particular, the 
Glauber-type stochastic dynamics in T is properly associated with the grand 
canonical Gibbs measures for classical gases. This gives a possibility to study 
these Gibbs measures as equilibrium states for specific birth-and-death Markov 
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evolutions [2]. Starting with a Dirichlct form for a given Gibbs measure, one 
can consider an equilibrium stochastic dynamics |24j . However, these dynam- 
ics give the time evolution of initial distributions from a quite narrow class. 
Namely, the class of admissible initial distributions is essentially reduced to the 
states which are absolutely continuous with respect to the invariant measure. 
In the present paper we construct non-equilibrium stochastic dynamics which 
may have a much wider class of initial states. 

Concerning the study of particular birth-and-death models, let us stress 
that, on the one hand, for most cases appearing in applications, the existence 
problem for a corresponding Markov process is still open. On the other hand, 
the evolution of a state in the course of a stochastic dynamics is an important 
question in its own right. A mathematical formulation of this question may 
be realized through the forward Kolmogorov equation for probability measures 
(states) on the configuration space T: 

d 

—/it = L*n t . (1.3) 
Here L* is the (informally) adjoint operator of L with respect to the pairing 

{F,n):=J F( 7 )d M (7)- (1-4) 

In the physical literature, (| 1 .3[) is known as the Fokker-Planck equation. How- 
ever, the mere existence of the corresponding Markov process will not give us 
much information about properties of the solution to fj 1 .3|) . 

An important technical observation concerns the possibility to reformulate 
the equations for states in terms of time evolutions for corresponding correlation 
functions, see e.g. [16] and references therein. Namely, a probability measure /i 
on T may be characterized by a sequence {fc^"^(xi, . . . , a; n )} _ Q of symmetric 
non- negative functions on (M. d ) n . Then, (jl.3l) may be rewritten in the form 

%-k t =L*k t , (1.5) 
ot 

where L* is the corresponding image of the operator L* from (|1.3[1 acting on 
sequences of functions k t = {k^ }™ =Q . 

In various applications, correlation functions satisfy the so-called Ruelle 
bound 

\k in) (x u ...,x n )\ < C", x x , . . . , x n £ R d , n G N (1.6) 

for some C > 0. For example, for the correlation functions of the Gibbs measure 
mentioned above, such inequalities hold true, see e.g. 33 . Hence, it is rather 
natural to study the solutions to the equation (|1.5[) in weighted L°°-type space of 
functions with the Ruelle bound. However, analysis of the existence problem in 
such a class of correlation functions meats essential difficulties related to the use 
of non-separable L°° spaces and properties of strongly continuous semigroups 
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acting in these spaces. One of technical possibilities to study such semigroups 
is based on the use of the pre-dual evolution equations in some L 1 spaces. 
Namely, we will exploit the duality 

oo 

{(G,k)) :=y)-r / G^(x 1 ,...,x n )k^(x 1 ,...,x n )dx 1 ...dx n , (1.7) 

which is a pairing between a sequence k — {k^ n '}^L of functions which satisfy 
(|1.6I) and a sequence G = {G^}^ =0 of the so-called quasi-observables. The 
latter are integrable functions satisfying 



E 



C" 

r 



n 

n=0 



|G (n) (xi, . . . , x n )\ dxi . . . dx n < oo. (1.8) 
Then, the equation (|1.5[) may be rewritten as follows 



^- t G t = LG u (1.9) 

with the corresponding operator L acting on sequences G t = {Gj }^L . This is 
an analog of the backward Kolmogorov equation (|1.2|) on sequences of functions. 
Note that L* is the dual operator of L with respect to the duality (|1.7|) . The 
resulting, so-called hierarchical equation (|1.9j) may be analyzed in a Fock-type 
space of sequences of functions which satisfy (jl.8|) . The corresponding semigroup 
may be used for a construction of time evolution (( 1 . 5|) for correlation functions 
using the duality f| 1 . T[) . 

This approach was successfully applied to the construction and analysis of 
state evolutions for different versions of the Glauber dynamics [23, HI [10] and 
for some spatial ecology models 13 . Each of the considered models required 
its own specific version of the construction of a semigroup, which takes into 
account particular properties of corresponding birth and death rates. 

In the present paper, we develop a general approach to the construction of 
the state evolution corresponding to the birth-and-death Markov generators. 
We present conditions on the birth and death intensities which are sufficient for 
the existence of corresponding evolutions as strongly continuous semigroups in 
proper Banach spaces of correlation functions satisfying the Ruelle bound (|1.6|) . 

Moreover, we apply this construction to study of the convergence of the 
considered stochastic dynamics in a Vlasov-type scaling. Originally, the no- 
tion of the Vlasov scaling was related to the Hamiltonian dynamics of interact- 
ing particle systems. This is a mean field scaling limit when the influence of 
weak long-range forces is taken into account. Rigorously, this limit was stud- 
ied by W. Braun and K. Hepp in [5] for the Hamiltonian dynamics, and by 
R.L. Dobrushin [7] for more general deterministic dynamical systems. In |14j . 
we proposed a general scheme for a Vlasov-type scaling of stochastic Markovian 
dynamics. Our approach is based on a proper scaling of the evolutions of corre- 
lation functions proposed by H. Spohn in 34; for the Hamiltonian dynamics. In 
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the present paper, we apply such an approach to the birth-and-death stochastic 
dynamics. This gives us a rigorous framework for the study of convergence of 
the scaled hierarchical equations to a solution of the limiting Vlasov hierarchy, 
and for the derivation of a resulting non-linear evolutional equation for the den- 
sity of the limiting system. We consider some special birth-and-death models 
to show how the general conditions proposed in the paper may be verified in 
applications. 

The structure of the paper is as follows. In Section [2] we give a brief intro- 
duction to notions related to the configuration space. Subsection 13. II is devoted 
to the evolution of quasi-observables in the Fock-type space which is the pre- 
dual of the space of correlation functions. We propose constructive conditions 
on the birth and death rates under which the corresponding dynamics exist. 
These conditions are verified for a number of particular examples. The evo- 
lution of correlation functions is considered in Subsection 13.21 The question 
concerning the existence and uniqueness of the solution to the corresponding 
stationary equation in the space of correlation functions is studied in Subsec- 
tion 13.31 In Section 2] we discuss the Vlasov-type scaling for birth-and-death 
stochastic dynamics. 



2 Basic facts and notation 



Let B(R ) be the family of all Borel sets in 
system of all bounded sets from B(R d ). 

The configuration space over space 
(configurations) of M. d . Namely, 



d > 1; B h (R d ) denotes the 
d consists of all locally finite subsets 



{ 7 c R d | | 7 a| 



< oo, for all AeB- 



b(M d )}. 



(2.1) 



Here | ■ | means the cardinality of a set, and 7a := 7f~lA. The space T is equipped 
with the vague topology, i.e., the weakest topology for which all mappings T 9 
7 i— > X^e7 f( x ) G ^ are continuous for any continuous function / on M. d with 
compact support. The corresponding Borel cr-algebra B(T) is the smallest o- 
algebra for which all mappings r 3 7 M> |7 A | £ No := N U {0} are measurable 
for any A <E £>b(M rf ), see e.g. pQ. It is worth noting that T is a Polish space (see 
e.g. [22] and references therein). 

The space of n-point configurations in Y £ B(M. d ) is defined by 



r(")(Y) : = I v CY \r)\ = n\, n£N 



We set r(°)(y) := {0}. As a set, rW(F) may be identified with the sym- 
metrization of Y n — {(xi, . . . ,x n ) £ Y n | Xk ^ xi if fc 7^ Z}. Hence one can 
introduce the corresponding Borel cr-algebra, which we denote by B(T^ (Y)). 
The space of finite configurations in Y £ £>(IR d ) is defined as 

F (Y) : = y rW(F). 
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This space is equipped with the topology of the disjoint union. Let B{Tq(Y)) 
denote the corresponding Borel cr-algebra. In the case of Y = M. d we will 
omit the index Y in the previously defined notations. Namely, T := r (R d ), 
p(n) := r(")(R d ). 

The restriction of the Lebesgue product measure (dx) n to (T^ n \ B(F^)) we 
denote by mS n >. We set := 8s®y The Lebesgue-Poisson measure A on T 
is defined by 

A: =E^ n) - (2-2) 

n=0 

For any A G B h (R d ) the restriction of A to T(A) := r (A) will be also de- 
noted by A. The space (T, B(T)) is the projective limit of the family of spaces 
{(r(A),Z3(r(A)))} AeB , Rjl j. The Poisson measure n on (r, B(T)) is given as the 

projective limit of the family of measures {ir A }A£B b (R d )i where ir A := e~ m ^X is 
the probability measure on (r(A), B(r(A))) and m(A) is the Lebes gue measure 
of A G B h (R d ) (see e.g. [I] for details). 

A set M G B(T Q ) is called bounded if there exists A G B h (R d ) and N G 
N such that M C U^Lo r^"^(A). The set of bounded measurable functions 
with bounded support we denote by Bbs(Fo), i.e., G G -Bbs(Fo) if G \r \M= 
for some bounded M G B(T ). Any £>(r )-measurablc function G on T , in 
fact, is defined by a sequence of functions }„ eNo where G^ is a B(T^)- 

measurable function on T^ n \ The set of cylinder functions on T we denote by 
•^cyi(r). Each F G J-" cy i(r) is characterized by the following relation: F( 7 ) — 
F(ja) for some A G Bb(M d ). Functions on T will be called observables whereas 
functions on To well be called quasi-observables. 

There exists mapping from _Bb s (Fo) into F cy \(T), which plays the key role in 
our further considerations: 

(JfG)( 7 ):=X;Gfa), 7 er, (2.3) 

where G G £?bs(ro), see e.g. [2DJ|25J|55]. The summation in (|2.3[) is taken over all 
finite subconfigurations n G r of the (infinite) configuration 7 G T; we denote 
this by the symbol, n <s= 7. The mapping K is linear, positivity preserving, and 
invertible, with 

(^- 1 ^)(r ? ):=^(-l)l"\«lF(0, ^T„. (2.4) 

Set (K G)(r)) := {KG)(r,), n e T Q . 

The so-called coherent state corresponding to a £>(R d )-measurable function 
/ is defined by 

ex(f, V) '■= II /(*)> »? G F °\ W, ) : = L 



Then 



(X e A (/))(r 7 )=e A (/ + l,r ? ), 77 6 T 



(2.5) 
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and for any / £ L 1 ^, dx) 

e x (f,r,)d\(r)) = exp{ / f(x)dx\. (2.6) 



A measure /i G (r) is called locally absolutely continuous with respect 
to the Poisson measure ir if for any A G £>b(R d ) the projection of \i onto T(A) 
is absolutely continuous with respect to the projection of 7r onto T(A). In this 
case, according to |20j , there exists a correlation functional k^ : To — ► R + such 
that for any G € £?bs(ro) the following equality holds 



The functions kjp : (R d ) n — > R+ given by 



f< 



0, otherwise 



are called correlation junctions of the measure [i. Note that k^ = 1. 

Below we would like to mention without proof the partial case of the well- 
known technical lemma (see e.g. |26j ) which plays very important role in our 
calculations. 

Lemma 2.1. For any measurable function H : Tq x To x To — > K 

f Y, H & r )\^rfid\(rj)= f f H(^r,, V U0dX(0dX( V ) (2.8) 

if both sides of the equality make sense. 



3 Non-equilibrium evolutions 

In a birth-and-death dynamics, particles appear and disappear randomly in M. d 
according to birth and death rates which depend on the configuration of the 
whole system. Heuristically, the corresponding Markov generator is described 
by the following expression 

(LF)(7) := E d ^ 7 \ *) ^ \ x ) " 

+ f b(x, 7) U x) - F( 7 )] dx. (3.1) 

Here the coefficient d(x, 7) > represents the rate at which particle of the 
configuration 7 located at x dies (disappears), whereas, for a given configuration 
7, the new particle appears at the site x with the rate b(x, 7) > 0. 
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We always suppose that, for all x GR d and a. a. x' G K d , the values d(x,rj) 
and 6(x', 77) are finite at least for all configurations n eTq which do not contain 
the points x and x' . Here and below, we assume that, for a. a. x G R d , the 
functions d(x, •) and b(x, •) are locally integrable, i.e., for all bounded M G B(ro) 

(d(x, 77) + 6(ai, 77)) dX(rj) < 00. 

A natural way to study a Markov evolution with generator (|3.1j) is to con- 
struct a corresponding Markov semigroup with the generator L. This problem 
is related to the analysis of the initial value problem 

^F t = LF u t>0, F t \ t=Q = F (3.2) 

in some space of functions on the configuration space T. However, a rigorous 
analysis of such evolutional equations meets serious technical problems, and was 
realized for the case of birth and death generator in a finite volumes only, see 
|19j . On the other hand, there is a very important question concerning the 
state evolution associated with Markov dynamics. Namely, one can consider 
the initial value problem 

j t (F :f i t ) = (LF :fM } : t>0, /i t | i=0 = /i , F G K(B hs (T Q )) (3.3) 

in some space of probability measures on (T,B(T)). Here the pairing between 
functions and measure on T is given by (|1.4|) . In fact, the solution to ()3.3[) 
describes the time evolution of distributions instead of the evolution of initial 
points in the Markov process. Suppose now that a solution fit G A4} m (T) to 
(|3.3p exists and remains locally absolutely continuous with respect to the Poisson 
measure tt for all t > provided /io has such a property. Then one can consider 
the correlation functionals k t :— k^, t > 0. By (|2.7|) , we may rewrite (|3.3I) in 
the following way 

j t ((K- 1 F,k t )) = ((K- 1 LF,k t )) 1 f>0, k t \ t=0 =k , (3.4) 

for all F G JC(i?bs(ro)) • Here the duality between functions on Tq is given by 
(j3"^Tj) below (cf. (fET])). Next, if we substitute F = KG, G G B hs (T ) in (03), 
we derive 

j t {{G,k t )) = {{K- 1 LKG,k t )), t>0, h\ t=0 = k (3.5) 

for all G G _Bbs(ro)- In applications, for concrete birth and death rates we may 
usually define (LF)(rj) at least for all 77 G To. In particular, this can be done 
under the conditions on birth and death rates described above. Therefore, the 
expression K~ 1 LF may be defined via (|2.4p point-wisely. This fact allows us to 
consider the following operator 



1 



(LG)( V ) := {K- l LKG){n), 77 G T 
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for G G £>bs (To)- As a result, we are interested in the weak solution to the 
equation 

^k t = L*k u t>0, k t \ t=0 = k , (3.6) 

where L* is dual operator to L with respect to the duality ((•, •)). One of the 
main aims of the present paper is to study the classical solution to (13.61) in a 
proper functional space. 

To solve (|3.6p . we will use the following strategy. We start with a pre-dual 
(with respect to the duality ((•,•))) initial value problem 

d 

—G t =LG t , t > 0, Gt\ t=Q — Ga, (3.7) 

which will be solved in a Banach space (|3.15|) of so-called quasi- observables. 
Namely, we construct a holomorphic semigroup which gives a solution to (|3.7j) . 
After this we consider the dual semigroup which produces a weak solution to 
(|3.5I) . And, finally, we will find a Banach space in which a classical solution to 
(|3.6I) exists. 

3.1 Evolutions in the space of quasi-observables 

We start from the deriving of the expression for L. 

Proposition 3.1. For any G G Bb s (Tq) the following formula holds 

(LG)( V ) =-J2 G^E^o 1 ^, • U £ \ x))(r, \ 

+ V f G(£Ux)(Ka 1 b(x,-UQ)(ri\Odx, r, e T , (3.8) 

provided all terms of the right hand side have sense. 
Proof. Following [TB], for 

B x = K^b(x, •), D x = K^d(x, •) (3.9) 

we have 

(LG)(n) =-Y^(D x * G(- U a:)) (r, \ x) + f (B x * G{- U x)) (rj)dx. (3.10) 
xer, J ^ d 

Here for the given £>(ro)-measurable functions G\ and G2, we define 

(G 1 *G 2 )(r ? )= Y, G 1 ( m Uri 2 )G 2 (n 2 U m ), V G r 0) (3.11) 

where P3 (77) denotes the set of all partitions of n in three parts which may be 
empty, see [50]. Rewriting p. Ill) in the form 

(G 1 *G 3 )(»?) = X; g i(OZ)g 2 ((t 7 \OuO, ier„, (3.12) 
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we get 

(£G)fa) = -£ E g(£ U:k ) \*)U)uc) 

+ / E^^E^U)^)^- 

Using the fact that for any £>(To)-:measurable function G 

(K G)( Vl u m )= E G (0=E E G (& U &)> nn>)2 = (i, 

?CJ)iUr; 2 ClC?7iC2CJ)2 

for F — KqG we get 

(^o" 1 ^ (-U^)) fe) = (^ G(CxU •))(%), einry 2 =0. (3.13) 
Now, the simple equality 

E E ^ ^ r ') = E E fcfo £ \ ^ ( 3 - 14 ) 

which holds for any S(R") x £>(r ) X £>(r )-measurable function h finishes the 
proposition. □ 



In general, the r.h.s. of p.8[) may be undefined. For arbitrary and fixed 
C > 1 we consider the functional space 

C c := L l (T Q ,cM\(dTi)). (3.15) 

Throughout of the whole paper, symbol ||-|| c stands for the norm of the space 
(|3.15[) . Now we proceed to study rigorous properties of the operator given by 
the expression (13.8[) in the Banach space Cc- 

Remark 3.1. £?bs(ro) is a dense set in Cc- 

Remark 3.2. The reason to consider the weight C>'> in the definition of Cc is 
the following. As it was noted above we expect to find a solution to (|3.6[) in 
the space of functions on To which satisfy the Ruelle bound (|1.6j) . Such space 
/Cc will be considered in Subsection 13 . 21 below. The space Cc is pre-dual to Kc 
with respect to duality (|3.41j) . 

Set, 

D( V ) :=Y,d(x,r,\x)>0, r)€T ; (3.16) 

V:={GeC c | D(-)GeC c }- (3.17) 

Note that Bbs(ro) C T>. In particular, T> is a dense set in Cc- 

We will show that (L,T>) given by (|3.8[) . (|3.17p generates Co-semigroup on 
Cc. 



Semigroup approach to birth-and-death stochastic dynamics 



11 



Theorem 3.2. Suppose that there exists a% > 1, a% > such that for all £ G To 
cmd a. a. cc G K. d 

E/ |A- " 1 d(a!,-Uf\x)|(»?)Cl''ldA(» 7 )<oii?(0, (3.18) 
J2 [ \K^b (x,-US\x)\ (rf) CWd\ ( V ) <a 2 £>(£). (3.19) 



i6{ 

and, moreover, 



«i + g<| (3-20) 



XTien (L, T>) is the generator of a holomorphic semigroup T (t) on Cc- 

Remark 3.3. Conditions (|3.18[) - (l3.20j) express an essential role of the death rate 
in our construction. They are crucial for the existence of the classical solution to 
the evolution equation (13.71) in the space Cc of quasi-observables (cf. Remark l3.5l 
below). Note also, that alternatively to a semigroup approach one can study 
local in time solutions to (|3.7p also. For a particular model it was realized in 
the recent paper [5]. 

Proof. Let us consider the multiplication operator (L ,X>) on Cc given by 

(L G)(r,) = -D(r))G(r)), G G V, r, G T . (3.21) 

We recall that a densely defined closed operators A on Cc is called sectorial of 
angle to G (0, 5) if its resolvent set p(^4) contains the sector 

Sect(~+w) :={zeC | arg z| < ~ + w} \ {0} 

and for each e G (0; w) there exists M e > 1 such that 

||i?(z,A)||<^ (3.22) 

for all z ^ with | argz| < — + u> — e. Here and below we will use notation 

R(z, A) := (zl - A)^ 1 , zep(A). 

The set of all sectorial operators of angle to G (0, ?) in Cc we denote by T-Lc(<^)- 
Any A G Hc(w) is a generator of a bounded semigroup T(t) which is holomor- 
phic in the sector | arg t\ < ui (see e.g. [HI Theorem II.4.6]). One can prove the 
following lemma. 

Lemma 3.3. The operator (Lq,T>) given by (|3.21[) is a generator of a contrac- 
tion semigroup on Cc- Moreover, L 6 Hc(u) for all u G (0, |) and (f3T22|) 
holds with M e = for all e G (0;uj). 

C COS U) J \ i / 
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Proof of Lemma WlA It is not difficult to show that the densely defined operator 
Lo is closed in Cc- Let < u> < | be arbitrary and fixed. Clear, that for all 
zeSect(f+w) 

\D(r])+z\ >0, r?er . 

Therefore, for any z £ Sect + w) the inverse operator R(z, Lq) = (zl — Lo) > 
the action of which is given by 

[R(z,L )G\(v)= n * G(rj), (3.23) 



is well defined on the whole space Cc- Moreover, 



\D{rj) + z\ = y/(D(r)) + Rcz) 2 + (Imz) 2 > 
and for any z £ Sect (-| + w) 



|z|, ifRez>0 
llm zl, if Rez < ' 



|Im z| = |z|| sinargz| > \z\ sin ^— + cuj = |z|cosw. 

As a result, for any z G Sect + w) 

\\R(z,L )\\<-^— , (3.24) 
| z | cos cj 

that implies the second assertion. Note also that \D(rj) + z\ > Re z for Re z > 0, 
hence, 

||i?(z,L )|| <-^, (3.25) 
Re z 

that proves the first statement by the classical Hille-Yosida theorem. □ 
For any G £ -B&s (ro) we define 

(LiG) (v) :={LG){rj)-{L Q G)(rj) 

= E G (0 E (^""M*. ■ U £ \ a:)) (r? \ 

+ V / G(tUx)(K^b(x 7 -U0)(v\0dx. (3.26) 

Next Lemma shows that, under conditions f|3 . 18[) . (|3.19p above, the operator L\ 
is relatively bounded by the operator Lq. 

Lemma 3.4. Let (|3.18p . (|3.19p hold. Then (Li,T>) is a well-defined operator 
in Cc such that 

||Lii?(z,L )|| <ai-l + ^ 2 -, Rez>0 (3.27) 

and 

\\LiG\\ <(ai -! + -£) \\L G\\, G £ V. (3.28) 
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Proof of Lemma \3m By Lemma T2.ll we have for any G G Cc, Re z > 



££>7 ^e? 



C^dA (jj) 



< 



E 



El^M*, • UC\ a:)|(ry \ £)C*l"ldA fa) 



as? 



1 



L»(?7)|G(?7)|C l '' l dA (r)) 



<(ai - 1) 



1 



r„ 



Rez + Dfa) 



£>(r ? )|G(7 7 )|Cl"ldA(7,) <(ai-l)||G|| C) 



and 



E 

€Cr, 



1 



< 



z + D(£ U x) 
1 



G(£Ux)(K- 1 b(x,-UO)(v\Odx 



C^dX(n) 



ir V k + l>(eua) 



1 



Gy ro Re, + ^) |G(C)l ^ )C " dA(0 ^ l|G|lc - 
Combining these inequalities we obtain (I3.27[) . The same considerations yield 

/ - E G ^ E (Ko'dix, ■ U £ \ x)) (r, \ C^dA fa) 
+ / E / G ^ U *) (^o _1 Ka, • U 0) fa \ 0^ C'" 1 ^ (77) 
<((«i-l) + g)^ |Gfa)|Dfa)CWdAfa), 

that proves (|3.28p as well. □ 

And now we proceed to finish the proof of the Theorem 13.21 Let us set 9 := 
ai + fj--l G (0;i). Then ^ G (0;1). Let u G (0; f ) be such that cos u < 
Then, by the proof of Lemma l3T3l L G Hc(w) and \\R(z, L )\\ < for all z ^ 



with largzl < — where M := — i— . Then 

1 G 1 — 2 cosw 

»- ' <— ' : 
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Hence, by (|3~2"gj) and the proof of Theorem III.2.10], we have that (L = 
Lq + Li, T>) is a generator of holomorphic semigroup on Cc- d 

Remark 3.4. By (|3.16[) , the estimates f|3 . 18[) . (|3.19[) are satisfied if 

| J fif^ 1 d(a;,-UO| (v)C M d\(j]) <aid(x,£), (3.29) 
iJ^&tavUf)! (r))C M d\(r]) <a 2 d(x,£). (3.30) 



Example 1. (Glauber- type dynamics in continuum). Let L be given by (13. 1 [) 
with 

d(x, 7 \a;) = expjs ^ cf>(x — y)\, x e 7, 7 6 T, (3.31) 

y£j\x 

6(x, 7 ) = zexp{( S -l)^0(x-y)}, iel d \ 7 ,7er, (3.32) 

where ^ : K d — >• R+ is a pair potential, (j>{—x) = 4>(x), z > is an activity 
parameter and s £ [0;1]. For any s G [0; 1] the operator L is well defined 
and, moreover, symmetric in the space L 2 (T, ju,), where p is a Gibbs measure, 
given by the pair potential <f> and activity parameter z (see e.g. [25] and refer- 
ences therein). This gives possibility to study the corresponding semigroup in 
L 2 (T,fj,). In the case s = 0, the corresponding dynamics was also studied in 
another Banach spaces, see e.g. [331 HS1 HDJ- Below we show that one of the 
main result of the paper stated in Theorem 13.21 can be applied to the case of 
arbitrary s E [0; 1]. Set 

f3 T :=[ |e r * (;r) - l\dx e [0;oo], rg[-l;l], (3.33) 

Let s be arbitrary and fixed. Suppose that j3 s < 00, /3 s _i < 00. Then, by (|3.31[) . 
(j2~51) . and (EU) 

K^d (x, ■ U (n) = d(a;, £ e A (e^( x -5 - 1, r?), 
|^o _1 d (*> • U 0| fa) C H dA (77) = d(x, 0e OA , 
and, analogously, 

|^ 1 6(x,-u0| fa)C W dA(»j) = &(aj,£)e c/s - 1 < zd(x,<e)e CA " 1 , 



since > 0. Therefore, to apply Theorem 13.21 we should assume additionally 
that 

e cp. + *cp.-i < 3 (3.34) 
In particular, for s = we obtain the condition (cf. [25] ) 

< I. (3.35) 
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Example 2. (Bolkcr-Dicckman-Law-Pacala (BDLP) model) This example de- 
scribes the model of plant ecology, see [13] and references therein. Let L be given 
by (j3~Tj) with 

d(x, 7 \ x) = m + xT a~(x — y), x G 7, 7 £ I\ (3.36) 

7) = ^ + a+( - x ~ V)> x € R d \ 7, 7 G T, (3.37) 

where m > 0, > 0, < a ± € L^R^da:) n L°°(R d , dx), J Rd a ± (a;)da; = 1. 
Then 

K^d (x, ■ U (77) = d(x, 00 M + * l r w fa) X>~ (* " If). 

ye?) 

I Jf^d (2, • U 1 (77) CNdA fa) = d(x, + Cx" , 
and, analogously, 

|X - X 6 (x, • U C)| fa) C^lrfA (77) = &(x, + Ck+. 



Therefore, if we suppose, for example, that (cf. [IB"] ) 



Ax-C < m (3.38) 
4x+a+(x) < C>rar{x), x E R d , (3.39) 

then there exists 5 > such that 

d(x, + Cx" < d(x, + — < (l + j^jdix, 

and 

6(x,£) + Cx+ < j^~5>~(z-2/) + ^ < jdfoO. 

since 4x + < Ck~ < The last bound we get integrating both sides of (|3.39|) 
over R d . 

Hence, (j3~T^) . (|3~Tgj) hold and 

Oa , 1 13 
ai+ C =1+ 4T^ + I < 2- 

Remark 3.5. It was shown in [13] that the condition like (|3.38p is essential. 
Namely, if to > is arbitrary small the operator L will not be even accretive in 
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3.2 Evolutions in the space of correlation functions 

In this Subsection we will use the semigroup T(t) acting oh the space of quasi- 
observables for a construction of solution to the evolution equation (|3.6|) on 
space of correlation functions. 

We denote d\c ■= C>'>dX; and the dual space (Cc)' = (^(TofdXc)) = 
L°°(r , dXc)- The space (Cc)' is isometrically isomorphic to the Banach space 



ICc ■■= | A; : r 

with the norm 



\\k\\ Ko := ||C-"-l/ C (.)|Uoo ( r ,A) 1 
where the isomorphism is given by the isometry Rc 

(Cc)'3kt—>Rck:=k-CMelCc. (3.40) 

In fact, one may consider the duality between the Banach spaces Cc and 
/Cc given by the following expression 

{(G, k)) := / G-kdX, GeC c , kelCc (3.41) 

with \((G,k))\ < \\G\\c ■ \\k\\ic c . It is clear that k £ ICc implies 
\Hv)\ < \\k\kc C M for A-a.a. n £ T . 

Let (L', Dom(iv')) be an operator in (Cc)' which is dual to the closed oper- 
ator (L,T>). We consider also its image on ICc under the isometry Rc- Namely, 
let L* = RcL'Rc-i with the domain Dom(L*) = R c Dom(L'). 

Similarly, one can consider the adjoint semigroup T'(t) in (Cc)' and its image 
T*(t) in ICc- The space Cc is not reflexive, hence, T*(t) is not C -semigroup in 
ICc- However, from the general theory (see e.g. [5]) the last semigroup will be 
weak*-continuous, weak*-differentiable at and L* will be weak*-generator of 
T*(t). Therefore, one has an evolution in the space of correlation functions. In 
fact, we have a solution to the evolution equation (|3.6|) . in a weak*-sense. This 
subsection is devoted to the study of a strong solution to this equation. 

Proposition 3.5. Let (|3.18[) . (|3.19j) be satisfied. Suppose that there exists A > 
0, N £ N , v>\ such that for £ £ T and x £ £ 

d(x,0<A(l + \£\) N ^, (3.42) 

Then for any a £ (0; -) 

YC aC C Dom(i*). (3.43) 

Proof. In order to show Q3.43P it is enough to verify that for any k £ IC a c there 
exists k* £ ICc such that for any G £ Dom(L) 

{{LG, k)) = ((G, F» . (3.44) 
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According to [16] ■ p. 441) is valid for any k £ IC a c with k* — L*k, where 
(L*k)(r,)=- [ k({U7 1 )J2 E £>x(Cue)dA(C) 

provided k* £ /Co Using (|3.13p , one can rewrite the last expression 



E / MCU(7?\.x))(if - 1 ^ ! .Ury\x))(C)dA(C). 



Then, by (j3~T8)) . (f3TT9]) . and (pT32]) . 

Cr 1 " 1 I (£**)(»?) 



<C"I"IE / |fc(CUr 7 )||X - 1 d( a; ,.U7 ? \ a ;)|(C)rfA(C) 

+ j \k{Qyj{n\x))\\K^b{x,^n\x)\{Q)d\(C) 



\ 

< 



-^ll^^'E / (aCf l \K^b(x,-Ur,\x)\(Od\(0 



< \\k\\ Kaa {a 1 + ^)a^J2 d ( x ^\ x ) 

<^ 11*11^ U+3r)«W{i+\ri\) N+1 '> M - 1 ' 



aC 

Using elementary inequality 

b 



(l + t)V<-( — - — ) , b>l, OG(0;1), t>0, (3.45) 



a V — elna 
we have for av < 1 

esssupC-l"' (L*k)(ri) < ||fc|| ( 0l + A ( + ' < oo. □ 

Lemma 3.6. Let (|3.42p holds. We define for any a £ (0; 1) 

V a :={G£C aC | D{-)G£C aC }. 
Then for any a £ (0; -) 

V C C c C V a c C aC (3.46) 
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Proof. The first and last inclusions are obvious. To prove the second one, we 
use (|3.42p . (|3.45[) and obtain for any G € C c 



D ( V ) \G (77)1 K) W dX ( V ) < «M £ A(l + Mf^- 1 \G ( V )\ C^dX fa) 

< const / |G(? 7 )| C |7?l rfA (77) < 00. □ 
■>r 

Proposition 3.7. Let ([3"~f8")) , (j3~H?l) , and ([3T^|l wrf/i 

«x + £ < I (3-47) 

for some a G (0; 1). Then (L,2? Q ) is a generator of a holomorphic semigroup 
f a (t) on C aC - 

Proof. The proof is similar to the proof of Theorem 13.21 taking into account 
that bounds (|3.19[) . (|3.18[) imply the same bounds for aC instead of C. Note 
also that (|3T47| is stronger than (pOU]) . □ 

Under conditions (pTTg)) . (tXT^j) . (JSH7J), and ([3Ti2l . we consider the ad- 
joint semigroup T'{t) in (£c)' and its image T*(t) in /Cc- By e.g. [HI Sub- 
section II. 2. 6], the restriction T Q (t) of the semigroup T*{t) onto its invariant 

Banach subspace Dom(X*) (here and below all closures are in the norm of the 
space /Cc) is a strongly continuous semigroup. Moreover, its generator L® will 
be a part of L*, namely, 

Dom(i ) = jfc e Dom(L*) L*k E Dom(L*)| 

and L*k = L k for any k e Dom(L ). 

Theorem 3.8. Let ([3~T8"|) , ([3~TO| . and (PH2"|) ZioZd w#/i 

1<^<— f^-aiY (3.48) 



a 2 V2 

a 2 1 



Then for any a £ — jr. r! — the set IC a c is a T^ft) -invariant Banach 

subspace of ICc- 



Proof. First of all note that the condition on a implies (13.47[) . Next, we prove 
that f a (t)G = f(t)G for any G G Cc C £ Q c- Let i a = (L,r> Q ) is the 
operator in C a c- There exists uj > such that (w; +00) C p{L)C\p(L a ), see e.g. 
Section III. 2]. For some fixed 2 € (w; +00) we denote by R(z, L) = (zTL— L) 
the resolvent of (L,V) in Cc and by R(z,L a ) — (zl. — L Q ) 1 the resolvent of 
L a in C a c- Then for any G S £c we have R(z, L)G £ 2? C £> a and 

R(z,L)G-R(z,L a )G = R(z,L a )((zl- L a ) - (zl- L))R(z,L)G = 0, 
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since L Q = L on V. As a result, T a (t)G — T (t) G on Cc- 

Note that for any G G Cc C £ Q c and for any fc 6 /C^c C fCc we have 
T a (t)G G C aC and 

((f Q (<)G,fc)) = ((G,f*(i)fc)), 

where, by the same construction as before, T*(t)k G lC a c- But G G Cc, k G /Cc 
implies 

((f Q (t)G,fc)) = ((T(<)G,fc)) = ((G,f*(i)fc)) . 

Hence, T*(i)k = T*(t)k G /CaC that proves the statement due to continuity of 
the family T*(t). □ 

Therefore, one can consider the restriction T® Q of the semigroup T® onto 
IC a c- It will be strongly continuous semigroup with the generator L®" which 
is a restriction of L® onto K, a c (see e.g. [51 Subsection II.2.3] ) . Hence, we have 
the strong solution (in the sense of the norm in ICc) to the evolution equation 
(|3.6I) on the linear subspace IC a c- 

Remark 3.6. Let us clarify the reasons we avoid a construction of this evolution 
in Kc directly, via e.g. perturbation techniques. First of all (L ,IC a c) is not 
closed operator neither in ICc nor in lC a c- To make it closed, one can consider 
the operator L in ICc on its maximal domain T>* := {G G K,q\DG G ICc}- 
However, this domain is not dense in ICc- Under condition of Proposition 13.51 
one can show that IC a c C T>* , but it is not clear whether V* C JC a c- Therefore, 
we are not able to work in the space K, a c staying on the operator-dependent 
space T>* . Suppose one can prove estimate like (|3.27j) . Then one can show that 
(L*,T>*) will be a generator of a Go-semigroup W(t) on T>* . Even in this case 
it seems to be very difficult to show that this semigroup will be /Ccc-invariant. 

Example 1 (revisited) . To apply Theorem 13.81 to Example Q] it is enough to 
check and {5g5J . One has 

d(x,£) = exp|s^0(a; - y)\ < u^, 

ye? 

where v = 1 for s = and v = e s< ^ >l,d>= max^(i) for s G (0; 1] provided 

4> is bounded on R d . If s = then (|3.48p is true (whenever condition (|3.35|) 
is satisfied). For the bounded <j> and s G (0; 1] one may rewrite p.48|) in the 
following form: 

e cp. + zs^+cp^ K 3 (3 49) 

o z 

Note, that p.49p is the stronger version of condition (|3.34p . 
Example 2 (revisited). According to (|335|) - (|339]l . 

d(x, = ni + xT a~ [x — y) < m + A~ xT |£ 
< m + A-^ICI < m(l + ^)(1 + 
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where A = \\a W^nt*)- Therefore, (|3.42l) holds with v = 1, which makes 
(|3.48l) obvious. 

3.3 Stationary equation 

In this subsection we study the question about stationary solutions to (|3.6p . For 
any s > 0, we consider the following subset of Kc 

JC<£ C := {k e JC aC |fe(0) = s}. 

We define AC to be the closure of IC^c m the norm of ICc- It is clear that /C with 
the norm of ICc is a Banach space. 

Proposition 3.9. Let (pTTg|) , (j3~H)]) , and |g32D be satisfied with 

ai + ^ < 2. (3.50) 

Assume, additionally, that 

d(x,0)>O, xeR d . (3.51) 
TTien /or an?/ a G (0; ^) i/ie stationary equation 

L*k = (3.52) 

/ias a unique solution kmv from IC^q which is given by the expression 

k im = V + (1 - S^E. (3.53) 

.Here 1* denotes the function defined by l*(rf) = O' 1 '', ?y G To, £/ie function 
E G AC^l is suc/i £/ia£ 

and S is a generalized Kirkwood- -Salzburg operator on JC 7 given by 

(Sk) (r?) = - -L- W fe(C U fjX^dCr, • U 7? \ x))(()d\({) (3.54) 

+ 7T7T E / MC U (77 \ x))^"^^, • U r, \ x))(Qd\(Q, 

for rj ^ and (S^) (0) = 0. In particular, if b(x,9>) = for a. a. x G R d then 
this solution is such that 

4"v =0, n > 1. (3.55) 
Remark 3.7. It is worth noting that (ET2l?|) . (|33D1 imply (|3"3Tj) . 
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Proof. Suppose that (|3.52p holds for some k e tC^l. Then 

D ( V ) k(rj) = - J2 f HC U 77) (K^d(x, • U 77 \ x)) (C)dA(C) 

+ W *(C U (V \ x)){K^b{x, • U 77 \ x)) (C)dA(C). (3.56) 



The equality (|3.56[) is satisfied for any fc € at the point 77 = 0. Using the fact 



that £>(0) = one may rewrite p.56[) in terms of the function k = k — 1* £ /C 
Namely, 

D (77) fcfo) = - V / k(( U 77) (i^x, • U 77 \ x)) (Qd\(0 
xerj Jr \m 

+ E / *(C U fa \ *)) (*o ty*. • U r? \ xj) (C)dA(C). 



(o) 



r 



+ ^0 l "\ :r| &(x,7 ? \a;). (3.57) 

As a result, 

fc(r ? ) = (5fc)(r/) + £(r ? ), 77 £ r . 

Next, for 77 7^ 

C-l"l|(Sfc) (t?)! 

+ / fc(CU(77\x))|(^ - 1 6(x,-Ur7\a;))(C)|dA(C) 



DOn) 



r„ 



^TTTtE / C^|(X " 1 d(^-U77\.x))(C)|dA(C) 



\Kq 



DM c 

v " xe-q 



/ C^KJfo-^.U 77X^(01^(0 

^ rr-f=ri"' r 



-£)(t?) 

Hence, 



D(v) («i- 1 + ^) = ( a i- 1 + ^) ll*lkc- 



||5||=a 1 + g-l<l 



in K. This finishes the proof. □ 
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Remark 3.8. The name of the operator p.54j) is motivated by Example [TJ 
Namely, if s = then the operator (|3 . 54[) has form 

(Sk)(r,) = -J-\2e x (e-^-\r)\x) f fe(C U fa \ x))e x (e-*^ - 1, C)dA(C), 

that is quite similar of the so-called Kirkwood-Salsburg operator known in 
mathematical physics (see e.g. [3H [21] )• For s = condition (|3.50p has form 
_^ e c/3_i < 2 ( c £ p 35D ) Under this condition, the stationary solution to (|3.52[) 
is a unique and coincides with the correlation function of the Gibbs measure, 
corresponding to potential <j) and activity z. 

Remark 3.9. It is worth pointing out that b(x, 0) = in the case of Example[2j 
Therefore, if we suppose (cf. ([338]) . ([339]) ) that 2x~C < m and 2x+a+{x) < 
C?c~a~(x), for x £ R d , condition (|3.50[) will be satisfied. However, the unique 
solution to (|3.52|) will be given by p.55|) . In the next example we improve this 
statement. 

Example 3. Let us consider the following natural modification of BDLP-model 
coming from Example [5] let d be given by Q3.36[) and 

6(x,7) = k + H+^a + {x-y), x G R d \ 7, 7 e T, (3.58) 

where x + ,a + are as before and k > 0. Then, under assumptions 

2 max jx~C; ^| < m (3.59) 

and 

2x+a + (x) < Cx~a-(x), x e M d , (3.60) 
we obtain for some 5 > 

(x, • U0| (v)C M dX( V ) = d{x,0+Cx- < (l + ^l_)d(z,£) 

| jc^s (x, • u o| (v) c H d\ fa) = + 

The latter inequalities imply (I3.50|) . In this case, E(rf) = l r (i)fa) — . 

Remark 3.10. If a + (x) — a~(x), x 6 M. d and x + = n = zm for some z > 
then 6(x, 7) = zd(x, 7) and the Poisson measure tt z with the intensity z will 
be symmetrizing measure for the operator L. In particular, it will be invariant 
measure. This fact means that its correlation function fc z fa) = z™ is a solution 
to (|3.52[) . Conditions (13.591) and (I3.60|) in this case are equivalent to 4z < C 
and 2x~C < m. As a result, due to uniqueness of such solution, 

l*fa) + z{t - £)-%(!, fa) = «N, r; G T . 
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4 Scalings 

For the reader convenience, we start from the idea of the Vlasov-type scaling. 
The general scheme for the birth-and-death dynamics as well as for the con- 
servative ones may be found in |14) . The realizations of this approach for the 
Glauber dynamics (Example 1 with s = 0) and for the BDLP dynamics (Exam- 
ple 2) were considered in [T2J[TT], correspondingly. The idea of the Vlasov-type 
scaling consists in the following. 

We would like to construct some scaling L e , e > 0, of the generator L, such 
that the following scheme holds. Suppose that we have a semigroup U e [t) with 
the generator L £ in some Lc El £ > 0. Consider the dual semigroup U*(t). 
Let us choose an initial function of the corresponding Cauchy problem with 
a singularity in e. Namely, e^'fcg (77) ~ Toirf), £ — ¥ 0, n G To for some function 
ro, which is independent of e. The scaling L 1— > L £ should be chosen in such 
a way that first of all the corresponding semigroup U £ {t) preserves the order of 
the singularity: 



,l>;l 



(E£(*)*nfa)~rt(»7), £ ^ ' V^To, (4.1) 



and, secondly, the dynamics ro <-> r t preserves the Lebesgue-Poisson exponents. 
Namely, if ro(?7) = e\(po,ri) then r t (r)) = e\(pt,r)). There exists explicit (non- 
linear, in general) differential equation for p t : 

^- t p t (x)=v(p t )(x) (4.2) 

which will be called the Vlasov-type equation. 

Now we explain an informal way to realize such a scheme. Let us consider 
for any e > the following mapping (cf. (|3.40jl ) defined for functions on To 

(R e r) (r,) :=eMr ( V ). (4.3) 

This mapping is "self-dual" with respect to the duality p.41|) . moreover, Rj 1 = 
R E -i. Having R £ k ( Q ] - r , e -> 0, we need r t - R e tj*(t)k^ ] - R e U*{t)R e -ir , 
s —¥ 0. Therefore, we have to show that for any t > the operator family 
R e U* (t)R E -i , e > has limiting (in a proper sense) operator U(t) and 

U(t)e x (p ) = ex(p t ). (4.4) 

But, heuristically, U*(t) = exp{£L*} and R £ U*(t)R e -i = exp {tR £ L* £ R £ -i }. 
Let us consider the "renormalized" operator 

Ll^:=R £ L* £ R £ -,. (4.5) 

In fact, we need that there exists an operator Ly such that exp {tR £ L* £ R £ -i } 
exp{tL v } =: U(t) satisfying (|4.4[) . Therefore, an heuristic way to produce scal- 
ing L L £ is to demand that 



Semigroup approach to birth-and-death stochastic dynamics 



24 



provided p t satisfies (14. 2[) . The point-wise limit of L* ren will be natural candi- 
date for Ly. 

Note that (|4.5p implies informally that L ercn = R e -iL e R E . We propose 
below the scheme to give rigorous meaning to the idea introduced above. We 
consider, for a proper scaling L £ , the "renormalized" operator L e ron and prove 
that it is a generator of a strongly continuous contraction semigroup U £tTcn (t) 
in Cc- Next, we show that the formal limit Ly of L £yTen is a generator of 
a strongly continuous contraction semigroup Uy{t) in Cc- Finally, we prove 
that U et ren(t) — > Uv(t) strongly in Cc- This implies weak*-convergence of 
the dual semigroups U* len (t) to U v (t). We explain also in which sense U v (t) 
satisfies the properties above. 

Let us consider for any e G (0; 1] the following scaling of (|3.ip 

(i B F)(7) := E ^ 7 \ x ) t F (T \ *) " F W1 

+ / 6 e (a:,7)[F(7UrB)-F(7)]da:, (4.6) 



and define the renormalized operator L e)re n := R e -iK 1 L e KR e . Using the 
same arguments as in the proof of Proposition 13. 1[ we get 

(L e , Ien G)( V ) =-J2 G(t)e-bW J2( K o ld ^ • U e \ x)) (77 \ 

+ E / G^Ux)e-^(Ka%(x,-U0)(v\0dx. (4.7) 

Below we generalize slightly the previous introduced notations: for e G (0; 1], 
«6(0;1) 

:= {Ge£ c | D^{-)GeC c }\ 

(4 e) G)(n):=-D e (n)G( V ), GePW; 

(i( £) G)(r,) := (L e ,re»G)fa) - (4 e) G)fo), G G 

Suppose that there exists ai > 1, a 2 > 0, A > 0, iV G No, f > 1 such that 
for all £ G To, for a. a. x G R , and for any e G (0; 1] 

E/ |^ 1 ^(^-Ue\x)|(r7) £ -l"lGl"ldA(7 ? )<a 1 £> E (£), (4.8) 
W \K^b £ (x,-U^\^\(ri)e- M CMdX(n)<a 2 D e (0, (4.9) 

x££ Jr ° 

d e (x,0 <A(l + \£\) N isM. (4.10) 
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Without loss of generality we will assume that all constant in (|4.8p - (|4.10p arc 
the same as before. 



Proposition 4.1. 1. Let conditions (|4.8[) and (14.9[) hold with 

ai + §<|. (4.H) 

Then, for any e G (0;1], (L eircn , 2?' e ') is a generator of the holomorphic 
semigroup U e (t) on Cc ■ 

2. Assume, additionally, that (14.101) is satisfied with 

C /3 



1 < v < 

a-2 



=(i-4 <« 2 > 



Tften there exists ao G (0; i) suc/i £/ia£ /or any a G (ao; ~) and /or any 
e G (0; 1] i/iere exists a strongly continuous semigroup U® a (t) on the space 
fCaC with the generator Lf a = L* ren on the domain 

Dom(L £ 0a ) = {fc€^| L* ren fc G ^}. 
./Vofe £/ia£, /or k G K, a c 

(Ll iea k)(r,) = - E / k ^ U (^o _1 ^(*. • U »? \ ar)) (£)<*A(£) 

(4.13) 

+ E / k ^ u fa \ (^M*, • U ry \ x)) (0d\(Z). 

Proof. 1. Identically to the proof of Lemma [3.31 we show that (4 £) ,D( £ )) e 
Hc(oj) for any w G (0; Next, in the same way as in the proof of Lemma ET41 
we prove that, for any Re z > 0, 

||4 £) i?(z,4 £) )|| < ai -l + g<i (4.14) 

since (|3 . 50[) is satished. Note also that we may show also another bound 
(cf. TO ): 

WL^GWK^WL^GW, G£C C . (4.15) 



Hence, one can prove the statement in the same way as Theorem [ 

2. Similarly to Proposition 13.51 we obtain that, under condition (|4.10[) , 
K a c C Dom(X* rell ) for any a G (0; ~). Using f|4.12[) . we are able to choose 
9 G (ai + |). Then (I3^5|) is satisfied, and a := c[ gl ai) G (0; ±). The 
same considerations as in Theorem 13.81 finish the proof. □ 
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Assumption 4.1. For all 77, £ 6 To and <E K the following limits exist 

and coincide: 

Irm e-^{K^d e (x, ■ Uf)) fa) = Mrl"!^ •)) fa) =: D^(rj); (4.16) 
lim e-l^^fte (s, • U0) fa) = ton e-W^be (x, •)) fa) =: Sj(rj). (4.17) 

We would like to emphasize, that above limits should not depend on f. The 
collection of examples for such d E , b e can be found in |TJ]. Note that (I4.16[) , 
(|4.17l) imply, in particular, 

lim 4(x,£) - D^(0), limi^O = Bj(0), (4.18) 

e— >0 e— >0 

for all £ g To and 

Combining condition (|4.16l) with (I4.17|) . we have point-wise limit for L e ^ cn : 



(L v G)(rj) 
Set 



Dyfa) :=E^ 



V v :={Ge£c\D v (-)Ge£ c }; 
(L^G)fa) ■= -Dv(v)G(rj), G e V v ■ 
{LXG){n) := (L V G)( V ) «G)fa), G e 

Suppose that for a. a. x £ M. d 

\D v x { V )\C^d\{n)< ai D v x (%), (4.20) 
\B^(r,)\GMd\(T,)<a 2 Dl($), (4.21) 

r 

D^(0)<A (4.22) 
where the constants are the same as before. 

Remark 4.1. It is worth pointing out that conditions (|4.20[) - (|4.22[) . in general, 
are weaker than (j4~5|) - PTTUI) . Indeed, if b £ (x,j) = b'(x,j) + e ■ 6" (21,7) then 
(|4.21l) is an assumption on function b' only, whereas (|4.9p requires additional 
conditions on b" . 

Let c > 0. We define .B£° to be the closed ball of radius c in the Banach 
space L°°(R d ). 

Proposition 4.2. 1. Let conditions (|4~20|) , p~2"T]) . and (|4~TTj) /10/d. T/ien 
(Ly,!? J is a generator of the holomorphic semigroup Uv(t) on He- 
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2. Suppose, additionally, (|4. 22[) is satisfied. Then, there exists ao 6 (0; 1) 
such that for any a 6 (ao; 1) there exists a strongly continuous semigroup 
U° a (t) on the space IC a c with the generator Ly a = L v , 

Dom(L® a ) = {i£ K^TJ | L* v k G K^}. 

Moreover, for k S IC a c 

(L* v k)( V ) = - E / fc K U v)D^(OdX(0 (4.23) 



3. Let a € (ao; 1), po € -B^c- TTiera the evolution equation 



d_ 

dC ~ ~ v '" 1 (4.24) 



— k t — L*yk t 



has a unique solution k t — c\(p t ) in K, a c provided p t belongs to B^ c and 
satisfies the Vlasov-type equation 

9 p t (x) = - p t (x) [ e x (p t ,OD^(Od\(0 (4.25) 



dt 

- j_ (J 

Proof. 1. The proof for the first statement is similar to the analogous one one 
in Proposition ^. II 

2. The same arguments as for the proof of Proposition l3.5l show that, for any 
a £ (0; 1), JC a c C Dom(Ly). Next, by (|4.11[) . let us now take G (oi + %\ §). 
Then we can set ao := c( ^gl ai j S (0; 1). The second statement can be handled 
now in much the same way as in Theorem [37 



3. Since po e B"^ c implies fco € K, a c then the Cauchy problem (|4.24j) has 
a unique solution in K. a c- On the other hand, according to (|4.13|) . for any 

(L v e x (p t ))( V ) = - 5> A (pt, »/) / e A (pt, (0dA(O 

+ J2ex(PuV\x) [ e x ( Pt ,0B^(0d\(0- (4.26) 

Combining (I4.26|) with the equality 
d 

we can assert that k t = e A (pt) is a solution to (|4.24p . with p t given by (|4.25[) . □ 
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Remark 4.2. The question about existence and uniqueness of solutions to the 
Vlasov-type equation (|4.25|) in some ball B^ c of L°°(R d ) shall be solved sepa- 
rately in each concrete model, see e.g. [T2l HTj . 

Our next goal is to study the question about convergence of the semigroups 
U e (t) to U v (t) in C c . 

We begin by proving the following abstract statement. 

Lemma 4.3. Let X be a Banach space, and let (A e ,D e ), (B E ,'D E ), e > be 
closed, densely defined operators on X. Suppose that there exists /3 > and 
zeC with Re z > (3 such that z €E p (A E ) for all e > and 

k := sup\\(A E - ziy 1 ]] < oo, (4.27) 

£>0 



a := sup 

£>0 



B^A^ziy 1 <1, (4.28) 



(A e -zl) 1 (Ao - zl) 1 , e -> 0, (4.29) 
B E (A e - ziy 1 ^ B (A Q - ziy 1 , e^O. (4.30) 
T/ien z belongs to the resolvent set of L £ := A e + B E , e > and 
(i £ -zl) _1 (Lo-zl) _1 , £^0. 

Proof. For any £ > we set C £ := (A £ — zl) -1 , then we have Ran(C £ ) = 
Dom (A e ) = Dom (B e ) = Dom(L £ ) = D E . Therefore, for any z£p (A E ) one can 
write 

L £ - zl = A E + B E - zl = (B E (A E - zl) -1 + 1) {A E - zl) . 

By (|428]) . the operator 5 £ (A e - ziy 1 + 1 = B £ C* £ + 1 is invertible with 
bounded inverse D E . Moreover, 

™ * T-p^ * T^o-" (4 - 31) 

Therefore, we have that z G p{L E ) and 

(L £ - zl) -1 = (A £ - zl) -1 (B E C E + l)' 1 = C E D E . (4.32) 



Next, 



D E -D = (B E C E + 1) 1 - (B Q C + ly 1 



= (B E C E + ly 1 ((B C + 1) - (B E C E + 1)) (B C + I)" 1 
=D s (B C -B e C s )D , 

thus, according to ()4.31j) and (|4.30[) . for any x e X 

||D e x - A>z|| < Pell • II (#oCo - B E C E ) D x\\ 

< 1| (B C - B e C E ) D *|| 0, £ -> 0. 
1 — a 
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Hence, D £ D . Then, using (|4.32l) and (I4.29|) . we have for any x E X 

\\(L e - ziy 1 x - (L - zl) _1 a;|| 
= \\C £ D £ x - C D x\\ = \\C £ (D £ - D )x + (C £ - C Q )D x\\ 
< \\C £ \\ ■ \\{D £ -D )x\\ + ||(C s -Co)AHI 
<k- \\(D £ - D )x\\ + \\{C £ - C )D x\\ -)• 0, e -> 0. 

The statement is proven. □ 

Now we are able to prove result about convergence in Cc- 

Theorem 4.4. Let conditions (|4.8|) . (|4.9|) . and (|4.11|) are satisfied. Suppose 
that convergences (|4.16|) . (|4.17|) take place for all r\ E To as well as in the sense 
of Cc- Assume also that there exists a > such that (cf. (|4.18[) ) either 

40,£) < o-Dl{%) or d e {x,£)>o-Dl{$) (4.33) 

is satisfied for all £ E To and /or a. a. x G R d . TTien ?7 £ (t) — — > Uv(t) in Cc 
uniformly on finite time intervals. 

Proof. First of all note that £c-convergence in (|4.16|) . f|4. 1 7|) together with 
(j4~T8| yields (j4~20l) . (j4^T|) provided (@~8]), gS]) hold. Then, by Propositions EU 
14.21 the semigroups U £ (t), Uv(t) exist in Cc- To prove their convergence it is 
enough to show the strong convergence of the resolvent corresponding to the 
generators of this semigroup, see e.g. jH Theorem III. 4. 8]. To verify this, 
we apply Lemma 1431 taking A £ — B £ = L± , L £ = L £tVcn , T>o = V v , 

T) £ = V<- £ \ e > 0. Below we check the conditions of this lemma. 
Let us fix any z > 0. It is easily seen that (|4.27|) is satisfied since 

\\{&-zir\\<\ 

for all e G (0; 1]. Clearly, (|4~14l) implies HQS)) . Let G E C C - Then 
\\(LP-zl)- 1 G-(l%-zty 1 G\\ c 

By (l4~T8l) . for all 77 G T 

D {e \ri) ->• D v (r 1 ), e -> 0. (4.34) 

Then the inequality 

\D^(n)-D v ( V )\ 1 1 2 

(z + Z? l/ (77))(z + J D( £ )(7 ? )) ~ z + D v {n) + z + D&(t)) ~ ~z 

implies (|4.29p by the dominated convergence theorem. 
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Let inequality d s (x,£) < aD%(®) hold for all (er and a.a. x e M. d . Then, 
by Lemma [2TT1 

4 e) (4 e) - ziy'c - lY(l% - ^) _1 g|| c 

(L^ - L v) ( L v _ zl)- l G\\ c + |^ e) ((4 £) " -1)" - {1% ^r X )G\\ c 

^VW(£) § L l 6-1 " 1 ^" 1 *^ • u £ \ x)(n) - D^( v )\cMdX( v )c^d\(0 



< 



< 



+ 



|z?W(0-/? v (0| 



r„ 



E 



+ ^\Ko%(x,-l)t\x)(r 1 )\)cMd\(7 1 )C^d\(0 



(\K^d £ (x,-U£\x)(n)\ 



(4.35) 



Convergence in Cc for ()4.16p , (|4. 1T[) together with (|4.34[) implies that all three 
integrand functions of £ appearing in ()4.35|) converge to A-a.s., as £ — > 0. To 
use dominated convergence theorem we will show that the following functions 
are uniformly bounded. Using (I4.8[) . (|4.20p . and (|4.33p . we get 



<- 



ai 

-z+DV(0 



E 



-\v\ 



K^d s (x, ■ U £ \ x) (n) - D V X ( V ) C^d\{ri) 



J2(d e (x, + D v x (%)) < if+y^ E < + *)■ 



Analogously, by lf£5]> . (|4^T|) . and (|Q5)l , 
1 



E 



r„ 



sec 

According to ([4T5]l. flU), and (g^5| 



(j( + ^(f))(2 + DW(0) 



£ / e -N(|ir - i d e ( a; ,.uc\ a: )(» 7 )| 



+ i|^ - 1 fe e ( 2 ;,-ue\x)( ?7 )|)cl''ldA(r ? ) 



<- 



< 



£>( e >(0 + £> v (0 



ai 



(* + i? v (O)(* + (e) (O) 



Ol 



g)^ ) (C)<(«i + |)(i + -). 
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Hence, (|4.30[) is proved. 

In the case d e (x, > o\D]f (0), ^ 6 Tp, we rewrite l.h.s. of (|4.30[) in a another 
manner. Namely, 



LH4 -z^Y G-L\ (L%-zl)~ l G 



< 



< 



zTL) G 



LYUL^-zty'-^-zl)- 1 



G 



c 



To Z + DM® 
1 



|G(OI 



\D^(0-D V (0\ 
(z + DV(0)(z + D&(0) 



E / (DY(ri) + ^BY(v))c^dX( V )C^dX(0. 



Repeating all estimates done for the first alternative of (|4.33[) we get the desired 
result. □ 

Remark 4.3. Note that in all examples considered in [14] the function d e (x,£) 
is monotone in e. Taking into account (|4.18j) . condition (|4.33|) becomes natural. 

Example 1 (revisited). Let us consider for e G [0; 1], s G [0; 1] 
4(#,7) = expjes ^ H x ~y)}^ = zexp|e(s - l)^cj){x - y)\, 



r 



Analogously to the previous computations, 

\K^d e (x, • U 0| (»?) e-WC^dX fa) = d e (x, t)e Ce ~ lp " 
\K^b e {x, ■ U 0| (v) e-WC^dX fa) = Mx, Oe^" 1 ^- 1 * 

< z4(x,0e Ce ~ 1/3e(s - 1) , 

since </> > 0. Let s e (0; 1]. Suppose that /3 := J Rd <f>{x)e^ x ^ dx < oo. Then for 
rG[-l;l],e6[0,l] 

e _1 /3er < e" 1 / e|r|0(a;) sup e £T<t>{x) dx < p. 

JR d r£[-l,l] 

The bound (|4.11|) will be proved once we show e c ^(l + 77) < §• If s = then, 
similarly, we need (3 := J Rd <p{x)dx < 00 and ^e c ^ < |. Note also that the 
conditions /3 < 00 and 4> — sup ffi d </>(x) < 00 yield (3 < < 00. For the case 
s = condition (|4. 10|) holds automatically. If s G (0; 1] one should assume 
cf> < 00 then = e S( ^ (uniformly by s G (0; 1]). Then to guarantee (|4.12p we 
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need e c '' 3 (l + ^e s ^) < |. Therefore, under such conditions we obtain statement 
of Proposition |4"7T1 Next, 



oSS<t>{x--) _ -y 

\ e >~ 1 _ : ' r ? 



lim £ -l"l(if l d s (I,-U0) fa) = limexpfes V^- 9 )} 

ye? 

= e A (s0(as -•),»») ==^x(»?)i (4-36) 

and, analogously, 

lime-M(Kc% (x, • UO) fa) = «e A ((s - 1)^ - •)>»») = : S Jfa)- ( 4 - 37 ) 

Since -D]f(0) = 1 < d e (x,rj) ) the second alternative of (|4.33[) is satisfied. In 
order to use Proposition ^. 2l and Theorcm l4.4l we need to verify the convergences 
((47361) and ((47371) in C c (recall that this implies ((4720)) and p72i"j) . see the proof 
of Theorem 14.4)) . To do this let us note that for any r G [—1; 1] 

'g£T^(x--) _ ^ 

;< * l : ,»? j - ' \i »(•'■ i. //] 

.</-; ' 

g en£(a:— ) _ ]| 



exp|£r^<^)(x- y)\t 
<maxj expjr 2_](?!)(a; -y) j,l >e A I J l -,r) I + e A (|r|0(a; - -),17) 



< | max 



i exp|r^0(a; - 1 I + 1 e A (<£(a; - 
1 ye? j / 



and the last function of rj belongs to Cc for & U £ € To and a. a. iCl" 1 provided 
e L 1 (R d ). By ((2761), the Vlasov equation ((4725]) now has the following form 

d 

QlPt( x ) = ~Pt( x )exp{s(p t * 4>){x)} + zexp{(s - l)(p t * 4>){x)}. 

Here and below * means usual convolution of functions in M. d . 

Example 2 (revisited). Let d B (x, r y\x) — m+ex~ J2 y e~f\x a ~ ( x ~~y)> b E (x,'f) — 
e>c + ^2 y£l a + (x — y). Comparing with the previous notations we have changed 
onto sk^. Clearly, conditions Q3.38)) . (13.39)) implies the same inequalities for 
ek^. Note also that d e is decreasing in e — > 0. Therefore, to apply all results 
of this section to BDLP-model we should prove the convergence (|4.16j) , ()4.17)) 
in Cc- Note, that 

e-WK^de (x, ■ U fa) = d £ (x, Oe- H 0l"l + ee -l"lx-l rW fa) $>-(x ~ f) 

yer) 

= 4(z,O0 H + i r u> fa) E ^ - ^) 

yen 

-> m0l"l + l r(1) fa) ^ o"(x - y) =: ^ fa) 

1/677 
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and, analogously, 

(x, • u o (v) - b e ( X , e)oi"i + i r(1 , (77) J2 a+ ( x ~ y) 

yen 

H- W»?)I> + (s-w)-£x(»?)- 

The convergence in £(7 is obvious now. The Vlasov equation has the following 
form 

d 

—pt(x)^x + (a + *pt){x)-K Pt{x){a * p t )(x) - mp t (x). 
at 

The existence and uniqueness of the solution to this equation was studied in 
d- 

Remark 4.4. By duality (I3.41[) , Theorem 14.41 yields weak*-convergence of the 
semigroups Uf a (t) to Uy a (t) in K a c- To prove such convergence in the strong 
sense we need additional analysis of their generators. The problem concerns the 
fact that we have explicit expression for the generator Ly a = L v only on the 
core {fee JC a c \ L v k S IC a c} ■ However, we are able to show such convergence 
for the Glauber dynamics described in Example 1 for s = using modified 
technique (see [12]V 
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